Quantum cosmology of the Friedmann-Robertson-Walker model with cosmological constant in the Hořava-Lifshitz type gravity is studied in the phase space by means of the Wigner function. The conditions for a tunneling solution are analyzed where the modification of the usual general relativity description by the Hořava-Lifshitz type gravity induce a new scenario for the origin of the universe without an initial singularity. In addition, in this new scenario an embryonic era is possible for the universe where it can exist classically before the tunneling process takes place and which gives rise to the current evolution of the universe. The Wigner functions corresponding to the Hartle-Hawking, Vilenkin and Linde boundary conditions are obtained employing numerical calculations. In particular three cases were studied, with and without initial singularity and where a barrier of potential is not present. The quantum behavior of these three cases are analyzed using the Wigner function for the three boundary conditions considered. *
Introduction
General relativity has been a very successful classical theory however the efforts to quantize the theory have found serious problems. For example a perturbative loop expansion for gravity posses ultraviolet divergent Feynman diagrams. One possible solution to this problem is to fix an infinite number of free parameters in order to have a well-defined ultraviolet structure but the final result is a theory which is not adequate to describe gravity at small distance scales. Due to this fact gravity is non-renormalizable. The Hořava-Lifshitz (HL) formulation has as a main goal to get a renormalizable theory by means of higher spatial-derivative terms of the curvature which are added to the Einstein-Hilbert action [1, 2, 3, 4, 5, 6] .
Although Hořava-Lifshitz models improve very well ultraviolet behavior they possess a violation of Lorentz invariance of ultra-high momenta. This violation is a consequence of the anisotropic scaling between space and time [7] . Due to the asymmetry of space and time it is very convenient to write the spacetime metric in terms of the ADM variables where the theory is called projectable or non-projectable depending if the lapse function is only a function of the time coordinate or space and time coordinates respectively [8, 9] . It is important to remark that the projectable theory has a ghost mode and therefore it cannot be a consistent model while the non-projectable models do not have ghost instabilities [9] . However, in the minisuperspace approximation for cosmological models where homogeneity and isotropy are the main ingredients the ghost instabilities are not present at a certain level. For this reason in the minisuperspace cosmology approximation the projectable Hořava-Lifshitz gravity could be appropriate, but when a perturbation of the homogeneous background is realized the instabilities could show up. Another characteristic of the Hořava-Lifshitz model is the existence of the detailed balance condition that can be written in a special combination of covariant derivatives of the Ricci tensor and the scalar curvature that has as a special feature that the theory have mild renormalizable properties [7] . Nevertheless, despite the detailed balance system has an easier quantum characteristics the non detailed balance model with additional terms in the Lagrangian has a nice behavior that under certain conditions the detailed balance model can be recovered. Taking into account these characteristics it is interesting to study models without the detailed balance condition.
One of the main questions in human history is about the process that gives rise to the origin of the Universe. Quantum cosmology has tried to shed light to this question using quantum properties during the first stages of the evolution of the universe. The first steps in the development of quantum cosmology started at the beginning of the 80's of last century where it was proposed that the universe could be spontaneously nucleate out from nothing [10, 11, 12, 13, 14, 15, 16, 17, 18, 19] . The evolution can be described in the following way. After nucleation, the universe can enter a phase of inflationary expansion, at the end of its exponential expansion it continues its evolution until the present time following, for example, the description provided by the standard cosmological scheme. It is important to mention that there are several important issues that remain to be solved like the general definition of probability, time and boundary conditions [20] . Thus one of the principal goals is to find a unique solution of the Wheeler-DeWitt differential equation and it is required to impose boundary conditions. In ordinary quantum mechanics there is an external system and the boundary conditions can be enforced safely, but in 4-dimensional quantum cosmology there is nothing external to the universe and the issue of which one is the correct choice for the boundary condition of the universe had an answer open to debate [21] . There are several choices for the right boundary conditions in quantum cosmology, for example, the no-boundary proposal of Hartle and Hawking [16] , the tunneling proposal of Vilenkin [19] and the proposal of Linde [17] . Recent results in quantum cosmology [22] were obtained through the principle of selection in the landscape of string vacua.
Several aspects of Hořava-Lifshitz cosmology have been studied for example in [23, 24, 25, 26, 27, 28, 29] . Minisuperspace formulation in Hořava-Lifshitz quantum cosmology has been developed in [30, 7, 31, 32] where classical solutions are obtained and a detail analysis of the dynamics is performed. Besides, the Wheeler-DeWitt equation is found and the corresponding wave functions are studied [7] .
On the other hand, an alternative scheme to describe quantum systems is given by the phase space quantum mechanics. This framework provides further information to the usual treatment performed in only one representation (coordinates or momenta). In fact, it gives a different perspective of the quantum phenomena since the relations between the coordinates and momenta can be analyzed at the same time which allows to appreciate different properties of the system. A complete and detailed review of this construction can be found in [33] .
In this approach the central role is played by the Wigner function in terms of which all the quantum information of the system can be obtained. This function in principle offers the possibility of study the semiclassical properties as well as the classical limit in a more direct way. The use of the Wigner function has had a great interest in different areas of research like in statistical physics, nuclear and particle physics, quantum optics, condensed matter, and recently, different techniques to measure this function experimentally have been proposed [34, 35, 36] .
The phase space quantum description has already been employed to treat certain cosmological models under the Einstein gravity formulation [37] .
In this paper we investigate the quantum properties in the phase space of the Friedmann-Robertson-Walker model with cosmological constant in the Hořava-Lifshitz gravity using the Wigner function. The paper is organized as follows. In Section 2 we present the main features of the Hořava-Lifshitz gravity and obtain the Wheeler-DeWitt equation. A brief description of quantum mechanics in the phase space is presented in section 3, mainly the construction of the Wigner function, which is the principal element that will be used later. In Section 4 we calculate the region parameters which gives a tunneling behavior for the quantum potential. In particular, we find a very interesting scenario where the big bang singularity is avoided and the universe could be in a kind of embryonic epoch where a classical state is possible before tunneling through a potential barrier and nucleate with a finite value (a similar behavior appears in brane quantum cosmology [38] ). Besides we calculate numerically the Wigner function and analyze the quantum behavior of the universe during this process for the three different boundary conditions that include the Hartle-Hawking no boundary proposal, the tunneling or Vilenkin boundary condition and the Linde condition. Finally in section 5 we give our final remarks.
Horava-Lifshitz gravity
The Hořava-Lifshitz formulation of gravity is an alternative theory to General Relativity which employs higher spatial-derivative terms of the curvature which are added to the Einstein-Hilbert action with the aim of obtaining a renormalizable theory. The action for the model is given by
1) where g i (i = 0, 1, ..., 8) are dimensionless couplings, M P l = (8πG) −1/2 is the Planck mass, K is the trace of K ij which are the components of the extrinsic curvature, h is the determinant of the spatial metric h ij , R is the scalar curvature, R ij the Ricci tensor of the spatial geometry and N denotes the lapse function. The constants g i and λ give the HL corrections to General Relativity. The General Relativity is recovered if we define g 0 = 2ΛM
−2 P l , g 1 = −1 and λ = 1. It is important to mention that in this formulation λ should be considered as a running constant which represent the infrared limit of the gravitational theory.
We are interested in the FRW cosmology in the context of Hořava-Lifshitz theory of gravity and we consider the usual FRW metric given by
where a(t) denotes the scale factor, k the curvature of the space and r, θ, ϕ the 3 dimensional spherical coordinates. In order to calculate the action for the FRW metric it is necessary to calculate the extrinsic curvature
since the shift vector is zero. For the spatial geometry the following results are very useful
, where the dot represents a derivative with respect to time. The Ricci tensor and the Ricci scalar are given respectively by 2kh ij a 2 and 6k a 2 . The gravitational part for FRW can be written as
,
= 1, the effective Lagrangian can be written in the following way
where the coefficients have the values g c =
The Hamiltonian for the gravitational part can then be calculated by means of the Legendre transformation H =ȧP a − L, where the canonical momentum is
In this way the Hamiltonian has the following form
The quantum description of the universe could be done through the canonical quantization method which gives the Wheeler-DeWitt equation as follows [7] 1 a
where Ψ(a) is the wave function of the universe and p represent the ambiguity in the factor ordering of the operators a and P a . With the selection of p = 1 and performing the change of variable q = a 2 the Wheeler-DeWitt equation (2.8) transforms to
where
However, it is difficult to obtain an exact analytic solution of the Wheeler-DeWitt equation (2.8) but there exist the possibility to know the wave function for certain limits. For example, for very small values of the scale factor the first two terms of the potential in the WDW equation are negligible with respect to the last two terms and the solutions can be written as
where J ν (a) and Y ν (a) are the Bessel functions and A, B are complex constants. On the other hand, for large values of the scale factor the first two terms of the potential are the important ones and the last two are negligible. In this limit the solutions are written in terms of a combination of the Airy functions in the following way
where Ai(x) and Bi(x) denote the two linear independent solutions of the Airy equation and C, D two constant complex numbers. Now, depending of the boundary conditions that have been chosen we can have the Vilenkin wave function [20] 
the Hartle-Hawking wave function 13) or the Linde wave function 14) where the change of variable q = a 2 has been employed. One of the main differences between the Hartle-Hawking, Linde and Vilenkin wave functions is the behavior for the region q > kg s /g Λ . The Vilenkin tunneling wave function has the following expression
the Hartle-Hawking wave function is 16) and the Linde wave function is written like
where ψ − (q), ψ + (q) describe an expanding and contracting universe, respectively (see [37] ).
Quantum phase space description
The procedure to obtain the quantum description of a physical system from its classical one is known as quantization and different methods have been developed over the years to obtain it. Among the most used techniques are the canonical quantization and the Feynman's path integral. Both constructions have been applied to a wide range of problems with great success but new approaches build up in the phase space as the geometric quantization and the deformation quantization formalisms were later created with the aim to treat some issues of the preceding methods [39, 40] .
The idea of a quantum mechanics description in the phase space was motivated with the objective to provide a closer relation with the classical description and in principle be able to obtain its classic limit in a more direct way [33] . Under this approach the main element is played by the Wigner function which has found a significant and extensive use in optics and in signal processing [41] .
If we consider a quantum system with just one degree of freedom specified by the density operatorρ =
where p j denote a set of non-negative quantities whose sum is equal to one, then the corresponding Wigner function can be constructed by its Fourier transform as follows
In particular for a pure state the density operator has the following formρ = |ψ ψ| then using the previous equation the Wigner function can be written by means of the wave function ψ(x) as
3)
The former expressions for the Wigner function can be extended directly to the R 2n phase space.
In similar way as with the wave function in the usual quantum mechanics formalism, the Wigner function allows to determine the behavior of the system and fulfills the following properties:
, it is a real function.
• R ρ W (x, p)dp = α(x), it defines a positive space probability density.
, it gives a positive momentum probability density.
The expectation value of an observable f = f (x, p) in this picture is given then by
However there is an important difference between the two formalisms, the Wigner function admits negative values unlike the |ψ| 2 density and for this reason the Wigner function is called a quasi-probability distribution. This feature has motivated the mathematical study of negative probabilities [42, 43] but the physical interpretation is not clear yet. The Wigner function in principle offers certain advantages over the other approaches, among them are a clearer description of semiclassical properties and the possibility to obtain the classical limit in a direct way by taking the limit → 0. It has been proved that the idea of quantum mechanics in phase space can be extended to phase spaces with non-trivial curvature through the deformation quantization formalism [44, 45] . This provides in principle an important tool to deal with more complex systems. In spite of that, its use in quantum cosmology has not been employed widely and our objective is to explore the advantages that it offers and to complete the quantum description given by the other methods. In the next part we will deal with the model described in section 2 by means of the Wigner function. 
Wigner function of the FRW in HL gravity
Depending of the values of the constants g c , g Λ , g r and g s the potential for the WheelerDeWitt equation (2.8) can present different behaviors. For example it can present a tunneling barrier or not as it is shown in Fig.1 . In this way for certain values of the parameters it is possible to have a potential where the big bang singularity is avoided and the universe can exists classically when is very small. This type of structure is called the embryonic epoch of the universe [38] . By means of a tunneling process the universe can appear in a finite size and expand. Nevertheless the values of the parameters g c , g Λ , g r and g s can be restricted in fact to only two effective parameters α = gr gc and β = gs gc which give us the different forms of the potentials presented in Fig.1 . In Fig.2 we show the space of parameters α and β with Λ = k = 1. The green region corresponds to the values of the two parameters that produces a potential with a tunneling structure. On the other hand the purple region gives a potential with a no big bang singularity while the blue region gives a potential that can not be zero and without a potential barrier. Finally, in the red region the potential has only one zero and the big bang singularity is avoided.
We analyze now the quantum behavior in the phase space of the FRW model in the Hořava-Lifshitz type gravity by means of the Wigner function. In particular we will consider the case corresponding to a selection of parameters for the green region that gives a potential barrier which is in fact the most common case studied in quantum 
cosmology.
The Wigner functions for the three boundary conditions mentioned above can be found in principle substituting directly the wave functions (2.12), (2.13) or (2.14) in expression (3.3). However, the integrals obtained are difficult to calculate and due to the fact that we could not find an analytical expression for them we implemented a Fortran code in order to calculate numerically these Wigner functions.
The graphics of the Wigner functions for each boundary condition along with their corresponding density graphics where the curves in red denote the classic trajectory are presented below.
The results for the Hartle-Hawking wave function (2.13) are given in Fig.(3a) . For the Linde wave function (2.14) its behavior is presented in Fig.(3b) while for the Vilenkin wave function (2.12) it is shown in Fig.(3c) .
The main aspect that can be observed is that for the three boundary conditions considered the highest peaks of the Wigner function are close to the origin of the universe where the universe oscillates around two returning points of the potential. For the Hartle-Hawking and Linde boundary conditions it can be appreciated a similar behavior however there are more oscillations and a higher amplitude for the Linde case than in This difference can be understood taking in consideration the interference terms for this two boundary conditions since they have different sign. For the Vilenkin boundary condition it can be observed only one branch for the higher oscillations of the Wigner function that corresponds only to an expanding universe. This behavior is in agreement with the tunneling boundary conditions for this case. The classical trajectory is in the middle of the highest peaks of the Wigner functions corresponding to negative values of the momenta which corresponds to an expanding universe. This fact can be explained in terms of the decoherence of the Vilenkin Wigner function because there is no interference present between an expanding and contracting universes like in the other two cases. A similar analysis for the FRW model by means of the Wigner function in the context of general relativity was carried out in [37] .
For the Hartle-Hawking Wigner function it can be observed an oscillatory behavior where the largest peak is close to the classical trajectory as can be appreciated in the density plot. It should be noted the existence of oscillations of the Wigner function that are near of the classical trajectory, however the heights of these peaks decreases with the distance to the classical trajectory. The Wigner function for the Linde wave function present a similar pattern, in general terms, like the Hartle-Hawking wave function, however it is possible to see some differences. We can appreciate more fluctuations of the Wigner function inside the region corresponding to the classical trajectory than the Hartle-Hawking Wigner function. Furthermore, the amplitude of the oscillations are smaller for the Linde wave function than for Hartle-Hawking. The largest peaks of the Wigner function correspond to the classical trajectory. In the case of the Wigner function for the Vilenkin wave function the classical trajectory is at some parts of the curve at the middle of the largest peaks of the Wigner function, i.e. the Vilenkin Wigner function has the largest peaks more closely to the classical trajectory than the HartleHawking wave function, but only in one part. This behavior is expected, as we are going to explain below, due to the fact that the Vilenkin wave function represents the tunneling wave function and as a consequence there is only one part of the classical trajectory corresponding to negative values of the momenta (expanding universe). The Linde Wigner function has a similar structure like the Hartle-Hawking case but there is one important difference: the interference terms between contracting and expanding universe has an opposite sign with respect to Hartle-Hawking. The consequence of this is the reduction of the amplitudes of the oscillations inside the classical trajectory.
To have a better understanding of the behavior of the Wigner function for this model we consider two other cases where the potential presents also a barrier form but the initial singularity is accessible. We consider in both cases the three boundary conditions employed previously. The second example that is treated is given for the next choice of parameters, g s = −0.468 and g r = −0.024. The corresponding Wigner functions for the Hartle-Hawking and Linde boundary conditions present a likewise behavior however the Linde case posses more oscillations and its amplitudes are higher than in the HartleHawking case as are shown in Fig.(4a) . For this case the big-bang singularity is accessible for the classical and quantum dynamics. In the Hartle-Hawking case the highest peak is inside the classical region as is shown in figure (4a) in contrast for the Linde case the highest peak is shift to the origin of the universe outside of the region bounded by the classical trajectory (see Fig.(4b) ). This difference is consequence of the sign in the interference terms. For the Vilenkin boundary condition it can be appreciated only one branch in its Wigner function (see Fig.(4c) ) corresponding to an expanding universe and its highest peak covers a wider region than for the nonsingularity case (see Fig.(4c) ). Also its amplitudes are higher than for the nonsingularity case. In Fig.(4c) it can be observed that the highest oscillations of the Wigner functions lies on the classical trajectory.
The last example corresponds to the following selection of values g s = 234 and g r = 0. In this case a potential barrier is not present and therefore a tunneling process for the creation of the Universe is not possible. This case corresponds to a contraction or an expansion process of the Universe where the zero value of the scale factor is accessible. The Hartle-Hawking Wigner function posses many fluctuations and some of its highest peaks are on the classical trajectory as can be appreciated in Fig.(5a) . In a similar way the Linde Wigner function has also some of its highest peaks on the classical trajectory but its amplitudes are smaller with respect to the Hartle-Hawking boundary conditions and besides it presents more oscillations (see Fig.(5b) ). Finally, for the Vilenkin boundary condition there is only one branch corresponding to an expanding Universe where the highest peaks of the Wigner function are located over the classical trajectory. Furthermore, there are not oscillations above the classical trajectory which is expected because this region corresponds to a contracting Universe, see Fig.( 
Final Remarks
The Hořava-Lifshitz gravity has many appealing features like being a renormalizable theory. In this way, the Hořava-Lifshitz quantum cosmology has a richer characteristics than the Einstein quantum cosmology model. For example, the two extra terms in the quantum potential give rise to the existence of a possible embryonic epoch where the Universe can exist classically oscillating between two small values of the scale factor. It is very interesting to note that for this case the singularity is not accessible both in the classical and quantum regimes due to a infinite potential barrier (see green curve in figure 1 ). In this scenario the Universe can nucleate to a finite size by means of a tunneling process and after that it can be expanding along the usual lines of the inflationary model of our Universe. In order to analyze the quantum aspects of the early universe the Wigner function provides a powerful tool for extracting additional physical information in the phase space. In this paper we analyse the quantum behaviour of the Universe for three boundary conditions corresponding to the Hartle-Hawking, Linde and Vilenkin proposals. For the Hartle-Hawking and Linde cases the quantum description of the Universe has a contracting an expanding components of the universe that give rise to interference patterns which presents many oscillations near the classical trajectory. While the Vilenkin proposal corresponds only to an expanding Universe and it can be associated to a tunneling process.
In particular we investigated three different scenarios. The first one corresponds to the absence of the initial singularity and an embryonic epoch where we can observe a highest peak of the Wigner function near the zero value of the scale factor which is consistent with the oscillation of the universe between two different no null values of the scale factor. Besides, it is possible to note that there exist a tunneling process where the highest peaks of the Wigner function are over the classical trajectory. For the HartleHawking and Linde boundary conditions there are two branches of the classical trajectory corresponding to a contracting and expanding universes, and the highest oscillations are on this curves. The Hartle-Hawking case presents higher amplitudes of the oscillations than the Linde case. For the Vilenkin boundary condition there is only one classical trajectory corresponding to an expanding universe and the highest fluctuations of the Wigner function are on the classical trajectory.
In the next scenario the initial singularity is classically and quantum accessible. The universe can exist classically with a maximum value of the scale factor before tunneling. Once the tunneling process takes place the universe can evolve according to the inflationary paradigm and expand according to the standard cosmological model. For the Hartle-Hawking boundary condition the highest peak of the Wigner function is inside the region bounded by the classical trajectory while for the Linde case it is outside. For both cases the next highest peaks are on the classical trajectory but the amplitudes of the fluctuations are bigger for the Linde case. The Wigner function for Vilenkin boundary condition presents only one branch corresponding to an expanding universe.
The last scenario corresponds to a dispersion process where a potential barrier is not present. For the three boundary conditions studied in this paper there is not a highest peak of the Wigner function near a zero value of the scale factor. Besides, the highest peaks of the Wigner function are on the classical trajectory. In all the three cases the size of the fluctuations are of the same order but for the Vilenkin boundary there is not fluctuations in the region where the momenta is positive.
The description of this system through the Wigner function even numerically allows to obtain novel results as the possibility to have an embryonic epoch of the Universe. It would be interesting to apply this approach to explore other cosmological models in the Hořava-Lifshitz type gravity as well as in other models of modified gravity.
